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ABSTRACT

We investigate the assignment of assets to tasks where each asset can potentially execute any of the tasks,
but assets execute tasks with a probabilistic outcome of success. There is a cost associated with each possible
assignment of an asset to a task, and if a task is not executed there is also a cost associated with the nonexecution of the task. Thus any assignment of assets to tasks will result in an expected overall cost which we
wish to minimise. We propose an approach based on the Random Neural Network (RNN) which is fast and of
low polynomial complexity. The evaluation indicates that the proposed RNN approach comes at most within
10% of the cost obtained by the optimal solution in all cases.
Keywords: optimum asset assignment; distributed decisions; nonlinear combinatorial optimization; random
neural network

1. INTRODUCTION
Consider a set of tasks T and a set of assets W . All of the tasks in the set T need to be executed, any of the
tasks can be executed by any one of the assets, and there is a penalty denoted K(t) for not executing the task
t. Any one of the assets can potentially suffice to execute any one of the tasks, but there is a cost C(w, t) for
executing task t using asset w. It is also possible that the task execution may fail despite the fact that an asset
has been assigned to it, and this will be represented by the probability q(w, t) that asset w will fail in executing
task t when it is assigned to it. Thus q(w, t) is the probability that despite the fact that the asset w has been
assigned to task t, w is unable to execute task t , where 0 ≤ q(w, t) ≤ 1. Note that q(w, t) may also be viewed
as a characteristic of the pair (w, t) where the asset w is not perfectly effective or suited to deal with the needs
of task t. Our objective is to be able to assign assets to tasks so that some “best” choice is made with respect
to a cost function that will be defined below. We represent the decision of assigning the asset w to the task t
by the probability p(w,
P t), allowing for the fact that an asset may not be assigned to any of the tasks, so that:
0 ≤ p(w, t) ≤ 1 and t∈T p(w, t) = π(w) ≤ 1, w ∈ W . Here π(w) ≤ 1 represents the fact that we may decide
not to assign the asset w to some task, or that the assignment, once it is decided, may actually fail to occur,
or that the allocated asset may fail to function. If all the p(w, t) are either 0 or 1 then we have a deterministic
formulation. We also assume that after an asset is allocated to some task, it cannot be re-assigned again to some
other task; this corresponds to cases where the assets are expendable or to real-time situations where, for the
given time epoch considered, decisions are irrevocable.
Application areas that are covered by this abstract representation include examples where:
• T is a set of “jobs”, and W is the set of “resources”,
• T is a set of “emergencies” and W is the set of “ambulances” or emergency personnel,
• T is a set of “entities that need to communicate” and W is the set of “communication channels or frequencies”, etc.
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We develop an approach for making such allocations so that we minimise a relevant cost function, which
includes both the cost of allocating assets to tasks and the penalty incurred due to the fact that a task is not
executed either because an asset has not been allocated to it, or because assets were allocated but they were not
sufficient or able to execute the task. The cost function that we minimise is:
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where the first term is the total cost of the assets that are used, and the second term is the cumulative expected
cost of not successfully executing each of the tasks, and includes the important assumption that the allocation
of different assets to the same task t has a cumulative independent effect as to the overall success, expressed by
the product of the failure probabilities, {1 − (1 − q(w, t))p(w, t)}. The problem is then to choose the {p(w, t)}
for all (w, t) ∈ W × T such that (1) is minimised. In the deterministic case p(w, t) ∈ {0, 1}, the cost can also be
written with decision variables in the exponents of the q(w, t) as:
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In (2), each of the product terms corresponds to the total expected failure probability of executing a particular
task, while the first constraint represents the fact that we can assign one particular asset to at most one task.
As a result, the total number of assigned assets can be less than |W |. Furthermore, there is no restriction on the
number of assets that can be assigned to one task; it is therefore plausible to assign all or no assets to a particular
task. Whenever possible all decisions should be made separately so that assets are allocated independently of
each other allowing for distributed decision making. Also, the algorithm for making the decision should be fast
so that it can be used in real-time execution constrained environments. This implies that it cannot be based on
enumerating all possible solutions, computing the cost for each solution, and then selecting the one that has the
least cost among all of the enumerated solutions.

2. RELATED PROBLEMS
The problem under investigation belongs to the general class of nonlinear assignment problems[1] . A related
problem with a product of terms having the decision variables in their exponent is the Weapon Target Assignment
(WTA) problem. WTA is NP-complete[2] and hence exact algorithms have been proposed only for solving special
cases of the problem. Solution to the general WTA problem has been achieved for medium size problems in[3] ,
by combining lower bounding schemes based on general network flow approximations with a branch and bound
algorithm. Because the time required for the exact solution of the general WTA problem is large, much research
has focused on metaheuristic techniques such as Hopfield neural networks[4] , ant colony optimisation[5, 6] , genetic
algorithms[7] and very large scale neighbourhoods[3] .
Quadratic and biquadratic assignment problems are also related to problem (2), as their objective function
includes products of two or more variables[8] . However, in these problems not only each asset must be assigned
once, but also each task must be associated to only one asset, contrary to our problem where more than one assets
can be assigned to one task. Problems without this particular constraint are called semi-assignment problems, of
which the most widely studied is the quadratic semi-assignment problem (QSAP)[9] . In the general case, QSAP
is NP-hard[10] and in practice optimal solutions cannot be obtained even for small size problems[11] . As a result,
exact algorithms of polynomial time complexity have been developed only for special cases of QSAP[12, 13] .

3. A DISTRIBUTED RNN BASED HEURISTIC
We now develop a Random Neural Network (RNN)[14, 15] based formulation of the asset-to-task assignment
problem. The solution uses a RNN whose parameters are selected from the parameters of the optimisation
problem. Similar approaches have been used successfully in other optimisation problems[16, 17] without a learning
phase[18] , and they are therefore computationally fast.

Table 1. List of RNN symbols

Notation
ki (τ )
Qi (τ )
Λi [λi ]
λ+ (i) [λ− (i)]
p+ (i, j) [p− (i, j)]
ω + (i, j) [ω − (i, j)]
d(i)
ri

Definition
Potential of neuron i at time τ
Probability neuron i is excited at time τ
External arrival rate of positive [negative] signals to neuron i
Average arrival rate of positive [negative] signals to neuron i
Probability neuron j receives a positive [negative] signal from firing neuron i
Rate of positive [negative] signals to neuron j from firing neuron i
Probability a signal from firing neuron i departs from the network
Firing rate of neuron i

3.1 The random neural network model
The RNN is an open recurrent neural network inspired by the spiking behaviour of natural mammalian neuronal
networks[19] and using paradigms from queueing theory[20] . The network is composed of N fully connected
neurons. Each neuron’s internal state is represented by a non-negative integer, its potential. Each neuron can
receive positive and negative unit amplitude signals (spikes) either from other neurons or from the outside world.
Positive signals have an excitatory effect in the sense that they increase the signal potential of the receiving
neuron by one unit. Negative arriving signals have an inhibitory effect reducing the potential of the receiving
neuron by one unit, if the receiving neuron’s potential is positive, while if the potential is zero an inhibitory signal
has no effect on the receiving neuron. Also, we assume that positive and negative signals can arrive to neuron
i from the outside world according to independent Poisson streams of rates Λi and λi respectively. Neuron i is
said to be excited at time τ when its potential, ki (τ ), is positive and it is quiescent when ki (τ ) = 0. Moreover,
the excitation probability of the neuron is defined as Qi (τ ) = P r[ki (τ ) > 0]. If neuron i is excited, it can fire
after a random and exponentially distributed delay of parameter (or firing rate) ri ; each time a neuron fires its
potential is reduced by one. The spike that is sent out by the neuron when it fires can either reach neuron j
as an excitatory spike with probability p+ (i, j) or as an inhibitory (negative) spike or signal with probability
p− (i, j), or it may depart from the network with probability d(i), so that:
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As a consequence, when neuron i is excited, it will fire excitatory and inhibitory spikes at random to neuron j
at rates:
ω + (i, j) = ri p+ (i, j) ≥ 0
ω − (i, j) = ri p− (i, j) ≥ 0

(4)
(5)

Combining Eqs. (3), (4) and (5) yields:
ri = (1 − d(i))−1

N
X

[ω + (i, j) + ω − (i, j)]

(6)
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The main symbols that we use for the model are summarised in Table 1, to facilitate the reader’s understanding
of the paper.
The state of the network is described by the vector of potentials at time τ , k(τ ) = [k1 (τ ), ... , kN (τ )], while
the probability distribution of the state at time τ is defined as π(k, τ ) = P r[k1 (τ ) = k1 , ... , kN (τ ) = kN ] where
k = [k1 , ... , kN ].
The values of the stationary excitation probabilities Qi = lim Qi (τ )
[19]

probability distribution are obtained from Theorem 1 in

τ →∞

i = 1, ..., N and the stationary

. The total arrival rates of positive and negative

signals to each neuron λ+ (i) and λ− (i), i = 1, ...N are given by the equations:
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leading to:

Qi = min{1, λ+ (i)/(ri + λ− (i))}

(9)

The solution to the nonlinear system (7)-(9) always exists and is unique[14, 21] . The RNN model has been
successful in the solution of optimisation problems [18, 22, 23] , in modelling complex interactions between entities in
queueing networks[24] , natural neuronal networks[15] and gene regulatory networks[25] , as well as in learning[26–28] .
A survey of RNN can be found in[29] .

3.2 The RNN solution approach
In the approach that we propose, each allocation decision (w, t) is represented by a neuron N (w, t) of a RNN, so
that p(w, t) corresponds to the probability Q(w,t) that this particular neuron is excited. Thus the computational
size of the problem to be considered will depend on |W | × |T | as indicated below. To specify the RNN which is
used for the heuristic solution to the optimisation problem, we must specify the arrival rates of excitation and
inhibition signals to each of the neurons N (w, t), and the excitatory and inhibitory weights between neurons.
The external positive and negative arrival rates are chosen as follows:
Λ(w,t) = max {0, b(w, t)}
λ(w,t) = max {0, −b(w, t)}
where
b(w, t) = K(t)(1 − q(w, t)) − C(w, t)
so that b(w, t) represents the net expected reduction in the objective function when asset w is allocated to task
t, since K(t)(1 − q(w, t)) is the expected reduction in the cost of task t if this allocation is made and C(w, t)
is the cost of allocating this asset to the given task. To discourage the allocation of distinct assets to the same
task, we also set the inhibitory weights:
ω − (w, t; w0 , t) = max {0, b(w, t)}, if w 6= w0
Similarly we wish to avoid that the same asset be assigned to distinct tasks :
ω − (w, t; w, t0 ) = max {0, b(w, t)}, if t 6= t0
To keep matters as simple as possible, we choose not to reinforce or weaken any of the assignments other than what
is already done via the incoming excitatory signals, so that we choose ω + (w, t; w, t0 ) = 0 and ω − (w, t; w0 , t0 ) = 0
for all other w, w0 and t, t0 , and we end with:
X
r(w,t) =
ω − (w, t; w0 , t0 )
(10)
w0 ,t0

Based on the above parameters the excitation level of each neuron satisfies:
X
X
Q(w,t) = Λ(w,t) /[λ(w,t) + r(w,t) +
Q(w0 ,t) ω − (w0 , t; w, t) +
Q(w,t0 ) ω − (w, t0 ; w, t)]
w0 6=w

(11)

t0 6=t

and the system of equations (11) is then solved iteratively in the following manner to obtain the assignments of
assets to tasks:

1. Initialisation: Wrem ← W , S ← ∅ and Kcur (t) ← K(t), t ∈ T .
2. Compute the RNN parameters based on Kcur (t), ∀t and construct the neural network for w ∈ Wrem and
t∈T
3. Solve the system of Eqs. (11) for w ∈ W and t ∈ T to obtain Q(w,t) .
4. Select asset-task pair (w∗ , t∗ ) that corresponds to the neuron with the largest positive Q(w,t) ; if all Q(w,t) =
0, w ∈ Wrem and t ∈ T stop: there is no assignment that reduces the cost of the objective function
5. Set S ← S ∪ (w∗ , t∗ )
6. Set Wrem ← Wrem \{w∗ }
7. Set Kcur (t∗ ) ← Kcur (t∗ )q(w∗ , t∗ )
8. If Wrem 6= ∅ go to step (ii) otherwise stop: all assets has been assigned
In the algorithm, Wrem represents the assets remaining to be assigned, while S is the solution set where the
assigned asset-task pairs are stored. Kcur (t) is the current expected cost of task t given any previous assignments.
Note that using this algorithm, the assignment of some asset w∗ to a task t∗ always results in reducing the cost
of the objective function; otherwise if b(w, t) < 0 then Q(w,t) = Λ(w,t) = 0 and the neuron is not selected.
The problem parameters can be shared among all agents prior to decision making. Once the assets have
acquired the parameters, then they can decide in a decentralised manner and arrive at a non-conflicting decision
even though their actions are not coordinated. This is possible because the solution to the RNN signal-flow
equations is unique.
To derive the complexity of our algorithm we need first to examine the complexity of assigning one asset.
This procedure is governed by the solution of the system of equations (7)-(9) which can be solved using an
iterative algorithm of complexity O(N IRN N N 2 ) proposed in[30] , when N IRN N iterations are required to achieve
convergence. In our case, the special structure of the constructed neural networks can be exploited to reduce
the complexity to O(N IRN N |W ||T |), so that the total complexity of our algorithm is O(N IRN N |W |2 |T |) as |W |
assets are assigned at most.

4. EVALUATION
To test the effectiveness of the algorithm that we have proposed, we tested it on different asset and task sets and
compared our results to the optimal solution which was obtained by enumeration. Our algorithm was tested for
the following cases:
1. The number of tasks is constant (|T | = 5) and the number of assets varies as follows |W | = [4, 8, 12]
(Figure 1).
2. The number of tasks is constant (|T | = 8) and the number of assets varies as follows |W | = [4, 8, 12]
(Figure 2).
3. The number of assets is constant (|W | = 9) and the number of tasks varies as follows |T | = [3, 5, 8, 12]
(Figure 3).
For each of the three sets of cases we generated NP I = 300 problem instances by random selection of the
problem parameters, as indicated below, and then obtained the optimal solution using exhaustive search. We
also solved each of the randomly generated cases with the RNN heuristic.
Concerning the problem generation, parameters K(t) for each task in T are generated from the uniform
distribution in the interval [10, 100]. The asset execution failure probabilities are also drawn from the uniform
distribution in the interval [0.05, 0.3], while they are taken to be independent from the tasks, i.e. q(w, t) =
q(w), ∀t. The associated asset costs C(w) are drawn from the normal distribution with mean C(w) and variance
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Figure 1. Average relative percentage deviation from the optimal solution for the worst 10%, all, and the best 10% problem
solutions, when the number of tasks is 5 and the number of assets varies.
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Figure 2. Average relative percentage deviation from the optimal solution for the worst 10%, all, and the best 10% problem
solutions, when the number of tasks is 8 and the number of assets varies.
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Figure 3. Average relative percentage deviation from the optimal solution for the worst 10%, all, and the best 10% problem
solutions, when the number of assets is 9 and the number of tasks varies.

0.1C(w). The parameter C(w) is calculated from the linear equation (12) that connects points (qmax , C min ) and
(qmin , C max ), where qmin = 0.05, qmax = 0.3, C min = 5 and C max = 30.
C(w) =

(C max − C min )
(q(w) − qmax ) + C min
(qmin − qmax )

(12)

The particular selection of parameters creates a positive correlation between the cost of an asset assignment
and its associated execution success probabilities, so that “better” assets are more expensive.
The performance criterion that we use for comparing the RNN heuristic to the optimal solution is the average
relative percentage deviation from the optimal, defined as:
σ=

NP I
1 X
CRN N,i − Copt,i
× 100
NP I i=1
Copt,i

(13)

In Figures 1, 2 and 3 we report the average relative percentage deviation from the optimal solution for the
various (|W |, |T |) pairs examined. We also show the percentage deviation σ for the worst 10% and the best 10%
problem solutions. Thus we are able to report on the robustness of the proposed approach and evaluate whether
the results obtained deviate significantly from the optimal minimum cost solution. As can be seen from these
figures, the average relative percentage deviation from the optimal solution for all cases examined is within 5%.
In addition, for the worst 10% performing instances, σ is no larger than 9%, which shows that the distance to
the optimal solution is small even in the worst results that we have obtained.

5. CONCLUSIONS
The results that we have obtained confirm the usefulness of a simple RNN based heuristic to the asset allocation
problem that has been considered, which aims at efficiently solving problem (2). Now that these results have been
obtained, the problem we consider, as well as the RNN based solution, can be extended in various directions. For

example, similar problems could be examined using the RNN approach. One such problem is the dynamic assets
to tasks assignment problem, where new tasks are generated continually and we need to allocate the assets in a
way that we minimise the total cost over time. Another interesting problem involves the allocation of assets in
stages where assets may be maintained in reserve and re-allocated during the course of the assignment process.
Furthermore, real-world applications involving assignments with uncertain execution could be tackled, especially
when fast(even real-time) and close to optimal solution is required. We expect that some of these and other
generalisations will be examined using an RNN based approach in future work.
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